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Abstract 

A bilinear formulation for the supersymmetric two-boson equation is derived. 
As applications, some solutions are calculated for it. We also construct a bilinear 
Backlund transformation. 



1 Introduction 

The whole theory of solitons originated from a single partial differential equation - the cele- 
brated Korteweg-de Vries (KdV) equation, which is regarded as one of the most important 
systems in mathematics and physics. A supersymmetric extension of the KdV equation 
was introduced by Manin and Radul ^Bj (see also (IE!)- Much research has been con- 
ducted on this N — 1 supersymmetric KdV system and many remarkable properties have 
been established. Here we mention just a few, bi-Hamiltonian structures [22], Painleve 
property JH]; infinite many symmetries, Darboux transformation [14] and Backlund trans- 
formation (BT) ^H] and bilinear forms j2Q] [Hj |Hj • 

Another equally important or more remarkable system is the Broer-Kaup (BK) system 
|4]|1()|. which was solved by the inverse scattering transformation and certain soliton solu- 
tions are found. We remark here that both the classical Boussinesq (cB) system and the 
dispersive water wave (DWW) equation are equivalent to the BK equation. Kupershmidt 
in constructed three local Hamiltonian structures for the BK or DWW system and 
its Backlund and Darboux transformations are studied in ^3]- This system has various 
interesting solutions, such as standard solitons [H][H], fusion and fission solitions [T7] [2~3] 
and rational solutions 21 . We also mention that the two-boson equation is one more 
name for this system. It is shown that this equation appears in matrix model theory 

rami 

A supersymmetric version of this system is proposed by Brunelli and Das |2] and reads 



1 



as 

*o,t = -P 4 $o) + {V{V%f) + 2(P 2 $ 1 ), 

(1) 

$ M = (P 4 $ 1 ) + 2(P 2 ((P$ )$ 1 )), 

where <3>o an d ^1 are fermionic superfields depending on usual independent variables x 
and t and the Grassmann variable 9. T> = dg + 9d is the usual super derivative. The 
system is shown to be a bi-Hamiltonian system, have a Lax representation and various 
reductions [2j. 

The purpose of the present Note is to study the supersymmetric two boson (sTB) 
from the viewpoint of solutions. We will show that the system can be casted into Hirota's 
bilinear form and this in turn provides us a way to find solutions. 

The Note is organized as follows. In the next section, we will transform the sTB 
equation into bilinear form. Then section 3 will be devoted the construction of solutions. 
In section 4, we construct a bilinear Backulund transformation for the sTB system. Final 
section contains our discussion and conclusion. 



2 Bilinear Form 

To obtain a bilinearization of the sTB system (|T|). we first reformulate it. Let 

u = r>$ , a = $i 
then the system is transformed into 

Ut = -Uxx + 2uu x + 2(Va x ), 
Oi t = ot X x + 2(Ma)r 

Now we introduce the following transformations for the dependent variables 



= 

x 



™ • ' = i k - £) m iik - £T f&*> ^ v 



(2) 



u=[\n^-J , a=(Vlnr 2 ) x , (3) 

substituting above expressions into the first equation of 0, we obtain 
1 



which gives us 

(A + Dl) n ■ T 2 = (4) 

where the Hirota derivative is defined as 



X\=X2 

tl=t 2 
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Let us now turn to the second equation of (J2J). After substituting (J3J) into it and some 
calculations, we obtain 

(Vr 2 ) . . 

+ 2n 



T\T 2 

1 



[ri(Vr 2)t ) - n(Vr 2 , xx ) + 2t 1>x (Vt 2)X )) } = 0. (5) 



TlT 2 

It is interesting that the left hand side of the equation (jSJ) can be represented as 

[V((D t + Dl) n ■ r 2 ) - (SD t + SDl)( n • r 2 )] - ^ [(A + £>r • r 2 ] ) 

therefore, taking account of the equation (jlj) we obatin the other bilinear equation 

(SD t + SD 2 x ) n ■ r 2 = (6) 

where we used a super version of Hirota derivative which is introduced in j20j Its 
definition is following 

SD?I%f ■ g = 



d d \ m f d d \ n 



Xl=X2 . 

ti=ta 

01=02 



Thus we have succeeded in converting the sTB system (jj) into Hirota's bilinear form. 
For convenience, we collect them below 

(A + Z£)n . T2 = 0, 

(7) 

(S'A + SD x ) n ■ r 2 = 0. 
3 Solutions 

It is well known that Hirota's bilinear form is ideal for constructing interesting particular 
solutions. Next we shall show that a class of solutions can be calculated for the sTB 
equation. To this end, let 

T\ =ef, r 2 = 1 + eg 1 + e 2 g 2 + e 3 g 3 H , 

substituting above expressions into the bilinear equations (JJJ) and collecting the alike 
power terms, we have 

e 1 : (A + ^.)(/"l) = 0, (SD t + SDl)(f-l) = 0, (8) 

and for i > 1 

e l : (D t + I%)(f.g i )=0, (5A + ^.)(/-^) = 0. (9) 
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From the equations (J8|). we have 

ft + fxx = 0, V(f t + f xx ) = 0. 

Thus we may take 



* _ e kx-k 2 t+e£ 

where k is an ordinary constant and £ is a Grassmann odd constant. On the other hand, 
with this /, our equations Q yield 

9i,t 9i,xx ~\~ 2kgi :X = 0, 

and 

f{V - £ - 0fc)(</ M - ^, x . x . + 2% x ) = 0. 

Therefore we can choose 



as our solutions. Finally, we have 



N 

t=l 



kx-k 2 t+9£ -r„ = ]_ _|_ p fc i x+fc i (A; I -2fc)f+6 



We see that this type of solutions is characterized by the fact that the coupling con- 
stants are zero. Therefore it is the analogy of the fission and fusion soliton of the BK 
system [T7]E3(see also [HI [Zl ) - 



4 Backlund Transformation 

Backhand transformation is an important ingredient of soliton theory. It can be useful for 
solution construction and serves as a characteristic of integrability for a given system. In 
this section, we will derive a bilinear BT for our sTB system. We follow Nakamura and 
Hirota j2I] and our results are summarized in the following 

Proposition 1 Suppose that (r l5 r 2 ) is a solution of the equation ffy, and (fi, f 2 ) satisfies 
the following relations 

D x {f 1 -T 2 + r 1 -f 2 )=0, S{f 1 -r 2 + T 1 -f 2 ) = 0, (10) 

A(ri • r 2 ) - DKn ■ r 2 ) = 0, D t (n ■ r 2 ) - D^n • f 2 ) = 0, (11) 

SDn ■ f 2 + X -SDlr x ■ f a - ^SD 2 x n • r 2 = 0, (12) 
SD t n ■ r 2 + X -SDlf x ■ r 2 - l -SDlr x ■ f 2 = 0, (13) 

is i/je another solution of Q). 
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Proof. We consider the following 



IT! 
P-2 



A 



[(A + D=)n ■ r 2 ] • nr 2 - nr 2 • [(A + D 2 x )n • f 2 ] 



[S(A + • r 2 ]rir 2 + 7ir 2 [S(A + D 2 x )n ■ f 2 ] 



We will show that above equations (10-13) imply P x = and P 2 = 0. The case of Pi can 
be verified as in [21] . so we will concentrate on P 2 . We will use various bilinear identities 
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which are presented in the Appendix. 



JA~2l 



E3 



(SD t n ■ t 2 )t 1 t 2 + nr 2 (SD t n ■ r 2 ) + (ST^n ■ t 2 )t 1 t 2 + nr 2 (SDln • r 2 ) 
(SD t n ■ f 2 )nr 2 + nf 2 (SD t n ■ r 2 ) + (Sri • n)(D t f 2 • r 2 ) + (D t n • fi)(Sf 2 • r 2 ) 

+ D 2 x {(Sn ■ f 2 ) ■ TLTa + TXT2 ■ (Sfj • T 2 )} - (S^ • T 2 ) (D^n ■ f 2 ) 

-(5ri ■ f 2 )(Z£n ■ r 2 ) + 2(SAri ■ T 2 )(D x n ■ f 2 ) + 2(SD x n ■ f 2 )(D x n ■ r 2 ) 
(SDtn ■ f 2 )nr 2 + nf 2 (SD t n ■ r 2 ) + (5ri • r 2 )(D t f 2 ■ n) + (D t n ■ r 2 )(Sf 2 ■ f x ) 

+(S n ■ f 2 )(D t n • r 2 ) + (An • f 2 )(Sf 1 ■ r 2 ) + D£{(Sn • f 2 ) • nr 2 

+Tif 2 • (Sfi • r 2 )} - (5ti • T 2 )(D 2 x f 2 • n) - (A^n • r 2 )(5fi • f 2 ) 
+2(S , A e T a ■ r 2 )(Afi ■ f 2 ) + 2(5^7! ■ f 2 )(D xri ■ r 2 ) 

(SA^i • r 2 )fir 2 + Tif^SDtn ■ t 2 ) + (SVi • r 2 )(D i f 1 • r 2 ) + (D f n • f 2 )(Sf x ■ r 2 ) 
+D 2 x {(Sn ■ f 2 ) ■ nr 2 + nf 2 • (S^ • r 2 )} + 2{SD xTl ■ r 2 )(D x n • f 2 ) 
+2(5^ • f a ) (D.n-ra) 



(5A + ~S^ )ri ■ 75 



TlT 2 + TiT 2 



(SA + ^D^fx ■ r 2 



+(5'r 1 -f 2 ) 



(A + ^)fi ■ t 2 



(A + -I^n • r 2 



(Sn ■ t 2 ) 



+ 2 D 1{(. St i ■ r 2) • r i r 2 + tit 2 ■ (Sn ■ T 2 )} - (SD X T 2 ■ T X )(D X T 2 ■ 7l) 

~(SD X T 2 ■ fx)(D x f 2 ■ Ti) 



^(£A^Ti ■ r 2 )r 1 r 2 + ]-nT 2 (SD 2 n ■ r 2 ) + (SVi ■ r 2 ) 



+{Sn ■ r 2 ) 



Din ■ r 2 + -D 2 x n ■ r 2 



-D 2 x {(Sn ■ t 2 ) • Tir 2 + rir 2 • (S'ri ■ r 2 )} 



-(SD x r 2 ■ n){D x r 2 ■ n) - (SD x t 2 ■ n)(D x r 2 ■ n) 



~{SD 2 x n ■ r 2 )nr 2 + -nT 2 (SD 2 x n ■ r 2 ) 



(Sn ■ t 2 ) + - (Sn • r 2 ) 



(D 2 x n ■ fa) 



+ 



(Sri-r 2 ) + -(Sri-f 2 ) 



(A^fi • r 2 ) + -^{(Sn • f 2 ) • nr 2 + n f 2 • (Sf x • r 2 )} 



+(SD x n ■ fa)(Afi • r 2 ) + (SAfi • r 2 )(An • fa) 
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CHJ 1 r 



{SDln ■ r 2 )f a r 2 + (Sn ■ r 2 )(D 2 x n ■ r 2 ) - D 2 x [(Sn ■ r 2 ) ■ f^] 
2(SD x n • r 2 )(D x n • r 2 )] + i [(SD 2 x n ■ f 2 )nf 2 + (Sn ■ f 2 )(^n ■ f 2 ) 
£^[(5n • f 2 ) ■ nf 2 ] - 2{SD x r 1 ■ f 2 ){D x n ■ f 2 ) 







thus our proposition is proved. 

5 Discussion 

We constructed the bilinear form for the sTB system, then we presented a class of so- 
lutions. This kind of solutions is the generalization of the fusion and fission solutions 
of the cB equation J7][2B] (see [21] f° r other systems which possess this sort of solu- 
tions). Apart from the fusion and fission solitons, there is another type of solitons, which 
was constructed by Kaup ^Uj i n the framework of inverse scattering transformation and 
by Hirota and Satsuma using bilinear formulism [9 . However, the present version of 
bilinearization does not apparently allow one to calculate this sort of solution in the su- 
persymmetric case. It would be interesting to find out if such soliton solutions exist or 
not in the supersymmetric case. 
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Appendix: Some Bilinear Identities 

In this Appendix, we list the relevant bilinear identities, which can be proved directly. 
Here a, b, c and d are arbitrary even functions of the independent variable x, t and 9. 



(Sa ■ b) (Ac ■ d) + ( D t a ■ b) (Sc ■ d) = (Sa ■ d) (Ac • b) + (D t a ■ d) (Sc ■ b) 

+(Sa ■ c)(D t b ■ d) + (D t a ■ c)(Sb ■ d), (A.2) 

(SD 2 x a ■ b)cd + ab(SD 2 x c ■ d) = D 2 x {(Sa ■ d) ■ cb + ad ■ (Sc ■ b)} 

- (Sa ■ b)D 2 x (c ■ d) - (Sc ■ d)D 2 x (a ■ b) 
+2(SD x a ■ b)D(c ■ d) + 2(SD x c ■ d)(D x a ■ b), (A.3) 



(SD t a ■ b)cd + ab(SD t c ■ d) 



(SD t a ■ d)cb + ad(SD t c ■ b) 

+ (Sa ■ c)(D t d ■ b) + (Sd ■ b)(D t a ■ c) 



(A.l) 
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(SD 2 x a-b)cd + ab{SD 2 x c-d) = D 2 x {(Sa ■ b) ■ cd + ab ■ {Sc ■ d)} 

-{Sa ■ b){D 2 x c ■ d) - (Sc ■ d){D 2 x a ■ b) 
-4(SD x b ■ c)(D x d ■ a) - 4(SD x d ■ a)(D x b ■ c) 
-2(SD x a ■ b)(D x c ■ d) - 2(SD x c ■ d)(D x a ■ 6),(A.4) 

D 2 x [{Sa ■ b) ■ ab] - {SD 2 x a ■ b)ab - (Sa ■ b)D 2 x {a ■ b) + 2{SD x a ■ b)(D x a -b) = 0. (A.5) 

References 

[1] H. Aratyn, L. A. Ferreira, J. F. Gomes and A. H. Zimerman, Nucl. Phys. B 402 
(1993) 85. 

[2] J. C. Brunelli and A. Das, Phys. Lett. B 337 (1994) 303; Phys. Lett. B 354 (1994) 
307; Int. J. Mod. Phys. A 10 4563. 

[3] L. Bonora and C. S. Xiong, Int. J. Mod. Phys. A 8 (1993) 2973. 

[4] L. J. F. Broer, Appl. Sci. Res. 31 (1975) 377. 

[5] A. S. Carstea, Nonlmearity 13 (2000) 1645. 

[6] A. S. Carstea, A. Ramani and B. Grammaticos, Nonlinearity 14 (2001) 1419. 

[7] R. Conte, M. Musette and A. Pickering, J. Phys. A: Math. Gen. 27 (1994) 2831. 

[8] P. G. Estevez, P. R. Gordoa, L. Martinez Alonso and E. Medina Reus, Inverse 
Problems 10 (1994) L23; 

[9] R. Hirota and J. Satsuma, Prog. Theor. Phys. 57 (1977) 797. 

[10] D. J. Kaup, Prog. Theor. Phys. 54(1975) 396. 

[11] M. Jaulent and J. Miodek, Lett. Math. Phys. 1 (1976) 243. 

[12] B. A. Kupershmidt, Commun. Math. Phys. 99 (1995) 51. 

[13] R. A. Leo, G. Mancarella and G. Soliani, J. Phys. Soc. Japan 57 (1988) 753; 

Y. Li, W. X. Ma and J. E. Zhang, Phys. Lett. A 275 (2000) 60; Y. Li and J. E. 
Zhang, Phys. Lett. A 284 (2001) 253. 

[14] Q. P. Liu, Lett. Math. Phys. 35 (1995) 115-122; Q. P. Liu and M. Mahas, in: Super- 
symmetry and Integrable Systems, H. Aratyn, el al. (eds.), Lect. Notes Phys. 502 
(1998) 268. 

[15] Q. P. Liu amd Y. F. Xie, Phys. Lett. A 325 (2004) 139. 



8 



[16] Yu. I. Manin and A. O. Radul, Commun. Math. Phys. 98 (1985) 65; 

[17] L. Martinez Alonso and E. Medina Reus, Phys. Lett. A 167 (1992) 370. 

[18] P. Mathieu, J. Math. Phys. 28 (1989) 2499. 

[19] P. Mathieu, Phys. Lett. A 128 (1988) 169-171. 

[20] I. McArthur and C. M. Yung, Mod. Phys. Lett. A 8 (1993) 1739. 

[21] A. Nakamura and R. Hirota, J. Phys. Soc. Japan 54 491; Q.M. Liu, X.B. Hu and Y. 
Li, J. Phys. A: Math. Gen. 23 (1990) 585. 

[22] W. Oevel and Z. Popowicz, Commun. Math. Phys. 139 (1991) 441; 

J. M. Figueroa-O'Farrill, J. Mas and E. Ramos. Rev. Math. Phys. 3 (1993) 479. 

[23] J. Satsuma, K. Kajiwara and J. Matsukidaira, J. Phys. Soc. Japan 61 (1992) 3069. 

[24] S. Wang, X-Y. Tang and S-Y. Lou, Chaos, Solitons and Fractals 21 (2004) 231. 



9 



